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A method of constructing dual variational principles for problems of the seepage of an incompressible fluid in deformable media
with complex rheology is presented. Dual variational principles of the fluid seepage in a typical deformable media with complex
rheology [1, 2}, namely, a Maxwell element, connected in parallel with a visco-plastic or elastic element, are constructed. The
variational principles are derived from variational probiems compiied for the constitutive reiations for fiuid and soiid phases.
© 2001 Elsevier Science Ltd. All rights reserved.

The basis for compiling variational problems is a consideration of the minimum of the rate of energy
dissipation and accumulation. One of the features of the construction of such variational principles is
the coupling of the energy dissipation and accumulation mechanisms [3]. Another feature, unlike the
methods described previously [4, 5], is the construction of dual variational principles that are independent
of one another.

The purpose of the present paper is to develop further the method proposed in previous papers [6-9]F
and to demonstrate its practicability when constructing new variational principles.

1. THE SCHEME FOR DERIVING THE VARIATIONAL PRINCIPLES

Consider a mechanical system, the behaviour of which is determined by N dissipative mechanisms [3]
W(Y) (i =1,2,... , N), where the dissipative potentials ¥(Y;) are smooth convex functionals,
Y; = Y/(c) are generalized velocities and ¢ = {c,} is the set of independent variables c,. For example,
in the case of two dissipative mechanisms (Y; = e(u), Y; = q): ¢ = {1, q}, where e is the deformation
rate tensor, q is the seepage rate vector, u is the displacement rate vector and u is the displacement
vector. The dissipative mechanisms are assumed to be uncoupled [3], if any of the mechanisms ¥,(Y,)
is independent of the variables c,, on which the remaining dissipative mechanisms depend.

For steady processes, in the thermodynamics of irreversible processes, one of the variational principles
is the principle of least energy dissipation, which is expressed by the minimum of the dissipative potentials
[10, 11]

N
Jo()dQ, o()= 2 ¥(Y,) (1.1)
Q i=

We will assume that, for the mechanical system considered, under steady conditions, a variational
principle exists, the basis of which is functional (1.1). The variational principle will then have the following
form

inf I,(c)= inf [ Jo()+ f,(c))dQ+jF.(c)dl“] (1.2)
ceM, ceM | o r

+Prikl. Mat. Mekh. Vol. 64, No. 6, pp. 996-1003, 2000.
{See also: MAZUROV, P. A., A variational approach in theories of seepage consolidation and two-phase seepage. Kazan.
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where f;(c) and Fy(c) are linear functionals of the variables ¢,, and I" is the boundary of the region Q.
It is clear from (1.2) that variational principles in other sets of variables can be written in the form

inf sup /(c,b)= inf sup [](‘P() () + f(c, b))dQ+jF(c b)dl“] (1.3)
ceMc peM,, ceM: beM,| O

L N
Y()= Z\P.'(Y,' ) (I)'(-) = Zd):(x,'), x,’ = grad \P,'(Y,')
i=) i=L+1

where X; = X(b) are generalized forces, b = {b,} is the set of independent variables b,, f(¢, b) and
F(c, b) are linear functionals of the variables ¢, and b,, and ®}(X;) are conjugate dissipative potentials,
related to the dissipative potentials W,(Y;) by a Young-Fenchel transformation [4]

Yi
Variational principles in the generalized velocities (1.2) and in the generalized forces
* * N *
inf /,(b)= inf [j((p (-)+f2(b))dQ+jF2(b)dl"], o)=Y P (X,)
bGMb bEMb Q r i=1

are special forms of variational principle (1.3).

Note that, in general, for coupled dissipation mechanisms, the functional ¢*(-) will not be conjugate
to the functional ¢(-)[3].

Suppose a solution and a variational principle (1.3) exists for a certain boundary-value problem. In
variational principle (1.3) it is required to establish the form of the functionals f(c, b) and F(e, b), and
also the set of constraints M, and M, imposed on ¢, and b,. We will introduce the following notation
for the variables in the solution.

co=¢ by=bi Y, =Y(c)=Y, X,=X,(b°)=X:

We will formulate variational principle (1.3) corresponding to the variational problem

mfsupB(c b)= |nfsupj|:‘}’() D)~ ZX Y + }:X Y, ]dQ (1.4)
i=1 i=L+1

The solution ¢, b}, of problem (1.3) is also the solution of problem (1.4) [12, 13]. At the same time,
even for a unique solutlon of problem (1.3), say ¢, b, problem (1.4) can have a set of other solutions
¢, by, for which Y(c) = Y;, Xy(b) = X;. To construct a valid variational principle (1.3) it is necessary
to convert variational problem (1.4) to the form (1.3). The conversions are assumed to be acceptable
if ¢, b;, is a solution of the variational problems related by transformations.

We will assume that, in the system considered, in addition to dissipation there is also accumulation
of elastic energy, defined by the elastic convex smooth potentials W (Z;) (J=1,2,...,K). For example,
Z; = ¢ is the strain tensor and aW; (Z;)/9Z; = P;, P; = o; is the stress tensor. By analogy with (1.1) we
will write the functional which reﬂects the rate of energy dissipation and accumulation.

A[ZI‘P(Y)+ ZW(Z )]d (1.5)

The derivatives W, (Z;) in (1.5) can be represented in one of the following forms

IWAZ ) . . W.(Z,)-W.(Z*)

“’j(zj)=

where all the variables are given at the current instant of time ¢, with the exception of Z"“l = Z(t -
Ar). In the first representation of (1.6) Z =17 ;(¢), while in the second Z; = Zy(c). If functlonal (1. 5) is
convex in the variable c,, the first representatlon for W(Z) is possible 1f the varlables ¢, Occurring in
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v/ ;(c), are expressed in terms of the variables c,, occurring in ¥(Y;) and in those potentials Wi(Z;) which
are given by the second representation. In the case of two accumulation mechanisms

Wi (Z,) - Wo(Z57")
At

W (Z,)
JZ,

W (Z,)) = Z, and Wy(Z,) =

the variational principle, like (1.2), will have a similar form, where

N IW(Z)) ;. WoZy) - Wy(ZE)
=S W(Y. )+ 1\ 7 + 21442 2142
%0 §, i) az, At
while the corresponding variational problem will be

i ) N . o Z,—Z%!
inf B (¢)=inf [[ ()~ X X,Y,-P,Z, - P, 2—2—- O
c < Q At

i=|

To construct dual variational principles we will write the variational problems similar to (1.4).

The above discussion holds for constitutive relations of the subgradient type [12, 13] X; € aW¥,(Y)
(P; € 0W|(Z;)) where W(Y;) are convex eigenfunctionals, semicontinuous from below, X; is the
subgradient of the functional W,(Y;) at the point Y,, and dW¥(Y,) is the set of all subgradients of
the functional ¥,(Y,) at the point Y;, consisting of one element grad ¥(Y,) in the case of smooth
Vi(Y)).

2. CONSTRUCTION OF THE VARIATIONAL PRINCIPLE

We will write the system of equations of the seepage of an incompressible fluid in a deformable medium
[14] in the form

of;=pi=0 (Il;;=0) (2.1)

div g+div i =0 2.2)

q =-0®,(Vp)/aVp or -Vp =¥,(q)/dq 2.3)
o; = Fj(g;.e;) 24)

where (2.1) and (2.2) are balancing equations, (2.3) and (2.4) are the constitutive relations for the
fluid and solid phases, V,(q), ®,(Vp) are the dissipative and conjugate dissipative potentials for
the fluid phase, p is the pressure, u; are the components of the displacement vector u, 05- are the
components of the effective stress tensor ¢”, &; = (u;; + u;;)/2 are the components of the strain tensor
€, ¢; = ¢, [1; are the components of the total stress tensor Il = ¢’ — p, and p is a spherical tensor with
components d,p.

The solid phase is modelled by a Maxwell element, connected in parallel with a viscous element
[1, 2]. In the Maxwell element the dissipative mechanism is determined by the potential ¥,(e;), the
accumulation mechanism is determined by the potential W,(e,), and in the viscous element the dissipative
mechanism is determined by the potential W3(e;). The constitutive relations (2.4) of this solid phase
have the form

o, =dV,(e))/de|, o,=0V;(€;)/0€;, 03=0V¥3(e;)de; (2.5)
O’f=0’|+0’3, 0, =0, et=¢ +ey=e,y (26)
From considerations of the minimum rate of energy dissipation and accumulation, functionals (1.5)

for the two representations of the potential W;(e;) will have the following respective forms

e, +'V;(e;)+ ‘Pq(q)]dﬂ 2.7)

fo,0d0= ] e+ 252
a Q o€,
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W,(€,) - Wy(e5™")
At

Jo,(haQ = j[‘l‘, (e))+ +¥3(e5)+ Y, (q)]dQ (2.8)
Q Q

Taking relations (2.6) and the equality €, = €51 + e,At into account for W/y(e;) in (2.8) we conclude
that functionals (2.7) and (2.8) have three independent variables c,. Variational problem (1.4) for
functional (2.7) when ¢ = {uy, B, q}, can be written in the form

N
inf B,(c) = inf j[(p, -Yole + Vp‘q]dQ 2.9
¢ cQ i=]
Taking relations (2.1)—~(2.6) into account we convert problem (2.9) to a variational principle

irclf Bi(c)= ir:f j[(p, ()-(oe, + o5(e; —e) )+ o3e;) + Vp°q]dQ =
Q
=inf [[@)() - 0e+ Vp'q|d2 = inf | [@1()= T3 - poi; + plig; Jd =
< 0 c o
mf[j(p,()dﬂ JIGn;u; dr+Jp g,dl - jp (u;; +q; ,)dQ]:

= i(n2f2)|:j(‘}’|(el)+0'°2(e—e| )+\]‘3(e)+ ‘{’q(q))dﬂ—rl +r3} =
CE(Z. 0

=inf j[‘}’, (e)) - o3¢, ]dQ + inf )[j(‘lg(e) +0ye+¥, (q))dQ-T; + 1‘3] (2.10)
[T 1,9€(22)] o
[, = [Mnidl, Ty= | pg,dr, o =2l
n r de,
with the conditions
di=u: on rz, qn=q: on r4,n +r2=r3+r4 =r (2,11)

The expressions ¢ € (2.2) and W, q € (2.2) in variational principle (2.10 denote that inf is considered
on the set of these variables which satisfy balancing equation (2.2). Variational principle (2.10) can be
split into two variational principles, which are independent at each instant of time

inf I,,(e,) = inf [(¥,(e;) -3¢, )dQ (2.12)
€ € 0

ﬁ,qe(%gf.(2.l 1)} ln(u’ q) B o, qe(2 2) (2. “)|:I(‘P3(e) +0‘2e +¥ (q))dQ FI * F3] (2.13)

Variational principles (2.12) and (2.13) correspond to the following scheme of the numerical solution

(2.12)X2.13) € (.1 2.6) 2.5)
o) = e(Ou()q(t) = €@+ANe(r+A) = ez(t+At) = o, (t+ Ar)

From this scheme we understand the sufficiency of the definition of the variable e, instead of w; for
the numerical solution of the problem.
We will write variational problem (1.4) for functional (2.8) when ¢ = {u;, 0, q}

k=1
inf By(c) = inf j[¢2(-) —oje, ~0, 22 _gle,+ vp°q]dn (2.14)
< [ 3 Q At
Conversions of problem (2.14), similar to (2.10), taking into account the note regarding the variables
0, and e, lead to the following variational principle
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e..ﬁ.qe‘(g.fz).m nlz(e,.u,q) B
k-1 _ _ k-1
€. 6.qe(2.20(211) o At
T, + Ty (2.15)

Variational principle (2.15) corresponds to the numerical scheme

(2.15) . € (1).€(t) (2.6)
€, (1) = e (t+Ar), u(t+Arn), q(r+4a) = € (t+ A, e(t+ A1) = €1+ A1)

It can be seen from the variational principles constructed that the minimum of the functionals
(2.7) and (2.8), which characterize the rate of energy dissipation and accumulation, is reached on
the solution of the initial problem when appropriate boundary conditions are specified for the variables
¢, over the whole boundary I' (T'; = &, I’y = ) of the domain of the solution ) and when these variables
satisfy the conservation conditions (2.2) and the constraints (2.6) imposed. It is of interest to use similar
considerations to derive the constitutive relations and relations between the thermodynamic forces in
media with complex rheology from the condition for functionals of the form (1.5) to be a minimum.
This approach was used when deriving the constitutive relations obtained previously from dimensionality
considerations [15], for the fluid seepage in media with double porosity [8].

We will construct a variational principle for the set of variables @y, @;, '3, p. The basis of the variational
principle for this set is the functional

Wy (0,)- W (e5™)
!

fos()dQ = I[d)l(ol )+
0 Q A

Taking relations (2.6) into account we choose the independent variables b = {&}, II, p} and we write
the initial variational problem

inf By(b) = inf | [(p;(-) -0, -2g,-e;0,+ q°Vp]dQ (2.16)
b b g Ar

We convert problem (2.16) to the variational principle
inf B;(b) =
b
k-1 k-1
€, o, - €y
Ar At

= i'l‘,f II:¢3(')-°;“| -2 o, -e'(o’ "0'1)+(I°VP]dQ=
Q

k-1

= i‘."f !}[‘Ps“ - E—Z’—"'l -y, (I +8,;p)+ ‘I;Pi.i:ldn =
e .o .o °

= inf (I)(%(-) - —Zz_“l + Tl ;= (7 + q;;)p [dQ—

k-1
j(cps(.)—%-a,Jda-rz +r4]

'l yn;u;dl + £ q,pdl ] = né?zf.u[n

T, = | Mnuidl, Ty= fq,pdl
r r

4

with the conditions

Myn; = F: onl, p=p°onT; (2.17)

Hence, we obtain the variational principle
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* k-l
inf Lo, 1L p)= inf | q;l(o-l).,.Mz_i’_l_,,
oy ILpe(2.1).(2.17) 0. ILpe(2.),(2.17) o At

+O(I1 +p-0y) + D, (Vp)dQ -T', + Ty]

In a similar way one can construct binary variational principles for all sets of variables. We will write,
without derivation, a few of the constructed binary variational principles.

The variational principle for the set o, &5, €3, p (we take the independent variables oy, w, p) has the
form .
LACHRL

-1
inf sup /,(a, 0, p) = inf sup[](—‘b, (o))~ i +W¥;(e)-

Y oLy v en.pLQ At
—¢P(Vp)+0‘|e - pdivﬁ)dQ - rl - r4]
with the conditions

4, =;onTy, p=p°onT;

The variational principle for the set of variables e;, @;, 8;, p (we take the independent variables
uy, 3,, IT) has the form

* k-1
inf sup Is(e),0,,11, p) = inf sup [(¥(e))- W, (o;,)—€; o,
€ g, ILpe(2.),(2.17) ¢ oy Mpe2.).207 O Ar

-@;(I1+p-0,)-P,(Vp)-0,¢,)dQ+T; - T,]

The variational principle for the set of variables e;, o, @3, q (we take the independent variables
w, o, I1, g) has the form

: _ k-l
inf  sup  IglepopdLap)=inf sup | [(H(e)- 202 "€2 T
€190, 10, pe(2.1) 1.9 0,1 pe2. 1) O At

with the conditions

Myn;=F, onTl,q,=q, on T,

Note that, when deriving this variational principle, there is an additional variable p.

One can similarly construct binary variational principles when modelling the solid phase by a Maxwell
element, connected in series with an elastic Maxwell element, connected in series with an elastic element
o3 = dW;(e;3)/d€3). One of the variational principles constructed for the set eq, €;, €3, p (we take the
independent variables W, u, p) has the form

inf sup I;(e,,u, p) = inf sup[_[(‘l’,(e,)+
e .u 4 LI r LQ

A €' —e A-Wy (&™) LACK LAGE N
At At

k-1 k-1

L ju—u ° W, —Uu;
_(D,,(Vp)—pdlv( o ])dﬂ-l‘,—l‘{l, l",=|!|l'l,~jnj_'___A_tt_dr

with the conditions

u,=uy;only, p=p°onl;,
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The quantities W5 ™), Wy(€¥h), u¥! are written for physical clarity and may be omitted as constants.

A direct check shows that if the variations of the functionals /,(-) are zero, this is equivalent to system
(2.1-(2.6) with specified boundary conditions. The variational principles constructed hold when the
potentials ¥(-) are non-differentiable and represent motion of viscoplastic and rigidly plastic bodies
[16]. The proposed method of constructing variational principles does not require a knowledge of the
boundary conditions. The boundary conditions required for the solution are determined when converting
the variational problems.

Note that individual variational principles [17-21],T obtained by different methods, have been derived
using the proposed scheme.

3. CONCLUSION

Using the proposed approach, one can construct many new variational principles for well-known complex
media or combinations of them, but this becomes a matter of technique and does not contain sufficient
scientific novelty without applying variational principles to the solution of specific problems or without
taking other features into account. The problems involved in obtaining constitutive relations (from
considerations of the minimum rate of energy dissipation and accumulation) and the boundary conditions
for new media with complex rheology remain of interest. In this case an analysis of a complex medium
begins with an investigation of the energy dissipation and accumulation mechanisms, and also the
relations and constraints to which the parameters occurring in the potentials are subject.

I wish to thank my teacher A. V. Kosterin.
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